Abstract. In this note we investigate the behavior of harmonic functions at singular points of RCD(K, N ) spaces. In particular we show that their gradient vanishes at all points where the tangent cone is isometric to a cone over a metric measure space with non-maximal diameter. The same analysis is performed for functions with Laplacian in L N+ε . As a consequence we show that on smooth manifolds there is no a priori estimate on the modulus of continuity of the gradient of harmonic functions which depends only on lower bounds of the sectional curvature. In the same way we show that there is no a priori Calderón-Zygmund theory for the Laplacian with bounds depending only on lower bounds of the sectional curvature.
Introduction
Background. One of the main themes of research in Geometric Analysis consists in establishing a priori estimates for solutions of PDE that depend only on the geometric data of the problem (upper/lower bounds on curvature, upper bounds on the diameter, upper bounds on the dimension, etc), see for instance [29] for a (non-complete) account of the theory. Among the various results which can be obtained let us mention the following ones:
-Lipschitz regularity of harmonic functions: If M is an N -dimensional Riemannian manifold with Ric ≥ K, then every harmonic function is locally Lipschitz. More precisely, there exists a constant C = C(K, N ) such that
for all functions u such that ∆u = 0 on B R (x 0 ). -Calderón-Zygmund theory: If M is an N -dimensional Riemannian manifold with Ric ≥ K, then there exists a constant C = C(K) such that
for all functions u ∈ C ∞ c (M ). Besides their intrinsic interest, these inequalities can be used to establish various properties of Gromov-Hausdorff limits of manifolds uniformly satisfying the above bounds. Indeed, the Gromov pre-compactness theorem ensures that the class of manifolds with Ricci curvature bounded from below by K, dimension bounded above by N and diameter bounded above by D is pre-compact with respect to Gromov-Hausdorff convergence. The above estimates, when suitably interpreted, can be passed to the limit and thus they hold true on the so-called Ricci limit spaces studied by Cheeger and Colding, [7, 8, 9, 10, 11, 12, 13] .
A different point of view consists in establishing a synthetic notion of lower curvature bounds which is valid for arbitrary metric spaces and that is stable under Gromov-Hausdorff convergence and to study directly which implications these bounds have on the geometry of the spaces. In particular, whether inequalities in the spirit of (1.1) and (1.2) are valid (again suitably interpreted). In the case of lower bounds on sectional curvature, this idea led to the theory of Alexandrov spaces, [5, 6] .
At the beginning of the 2000's, Lott, Sturm and Villani introduced the notion of CD(K, N ) spaces which provided a synthetic notion of Ricci curvature bounded below by K and dimension bounded above by N . This class of spaces is closed with respect to (measure) GromovHausdorff convergence and, in particular, contains all Ricci limit spaces and all Alexandrov spaces, [31, 37, 38] . However, these spaces include also Finsler manifolds, [33] . In order to obtain the analogues of (1.1) and (1.2) one thus has to:
(a) Find a suitable restriction on the class of spaces which ensures the validity of a Bochner inequality. (b) Develop a suitable calculus to give a meaning to the objects appearing in the above inequality. In the seminal works [3, 18] as a restriction in item (a) above it has been proposed to impose the infinitesimal Hilbertianity of the space, that is, that the Sobolev space W 1,2 is Hilbert, leading to the notion of RCD(K, N ) spaces. When infinitesimal Hilbertianity is coupled with a lower bound on the Ricci curvature, it is stable under measure Gromov-Hausdorff convergence and rules out Finsler geometries. In particular it has been shown to imply the validity of a Bochner type inequality, [16] . Parallel to this a suitable first and second order calculus on metric spaces has been developed in great detail, [17, 18] . In particular (1.1) and (1.2) have been shown to be true on RCD(K, N ) spaces, [18, 25] . We refer the reader to the recent survey [2] for a detailed account of the main results in the field.
Main results. In this note we aim to understand if it is possible to improve upon (1.1) and (1.2). In particular we aim to answer to the following questions:
(Q.1) Is it possible to find a modulus of continuity for the gradient of harmonic functions that depends only on a lower bound on the Ricci curvature and an upper bound of the dimension? (Q.2) Is it possible to obtain the validity of (1.2) for some p = 2? We actually show that the answer to both questions is indeed negative, also if one assumes a lower bound on sectional curvature. Our proof relies on the aforementioned theory of RCD(K, N ) spaces and our main result studies the behavior of the gradient of harmonic functions at singular points of these spaces, a result which is interesting on its own. In order to state our main result let us recall that for any given metric measure space (X, d, m) satisfying the RCD(K, N ) condition for K ∈ R, N ∈ [1, ∞) the following holds true: For any point x ∈ X the Bishop-Gromov density
exists. Moreover if ϑ(x) < +∞ every tangent cone at x is an N -metric measure cone, [15] . If its base space has diameter < π then the cone is singular. We will call such a cone, sharp.
at any point x ∈ X with finite Bishop-Gromov density such that every tangent cone is sharp.
We remark that the assumption on the finiteness of the Bishop-Gromov density is satisfied at all points for non-collapsed RCD spaces, see [15] . In particular the above result holds true for finite-dimensional Alexandrov spaces when considered as metric measure spaces equipped with the Hausdorff measure. Points with sharp tangent cones were called essentially singular points in [32] . Let us further remark that once a half-Harnack inequality of the form
is available, it follows from Theorem 1.1 that |∇u| (x) = 0 at sharp points under the same assumptions. This inequality can be obtained in the context of RCD(K, N ) spaces by the same techniques used in the proof of [24, Theorem 3.1], since we do not need it in the sequel, we do not insist on this point. Being easy to build metric measure spaces with a dense set of sharp points (see for instance Example (2) in [34] for a 2-dimensional example which can be easily generalized to any dimension), Theorem 1.1 implies that for a non constant harmonic function u, |∇u| cannot be continuous. Furthermore, it is easy to construct a sequence of smooth manifolds with non-negative sectional curvature converging to an Alexandrov space with a dense set of sharp points. This implies the following two corollaries which answer negatively (Q.1) and (Q.2), at least for p large. Note that Corollary 1.2 actually excludes every possible modulus of continuity also on the norm of the gradient. 
In particular, for p > N , (1.2) cannot be true with a constant which depends only on a lower bound on the sectional curvature and on an upper bound on the volume.
Let us note that the validity of a Calderón-Zygmund theory with constants depending only on the geometric data of the manifold has been investigated in [22] , where positive results were obtained assuming a bound on the whole Ricci tensor and on the injectivity radius of the manifold. Examples of non-compact manifolds where a Calderón-Zygmund theory fails can be found in [22] and in [30] . However, to the best of our knowledge, the results in Corollary 1. are the first to show that it is impossible to have a Calderón-Zygmund theory with constants depending only on a lower bound on the sectional curvature.
We conclude this introduction by briefly explaining the strategy of the proof of Theorem 1.1 which is based on a simple perturbation argument. Indeed, by the explicit form of harmonic functions on a cone C = Con N O (X) one easily deduces that if the cone is singular and v is harmonic, then
where δ is a positive constant that depends only on the gap (π − diam X). Since the sequence of rescaled spaces (X, d/r, m/r N ) converges to C, a simple compactness argument implies the validity of an estimate of the form
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Proof of Theorem 1.1
We assume the reader to be familiar with the theory of RCD(K, N ) spaces; we refer to [19] for the general theory and the main notations. Here we simply recall that if (X, d X , m X ) is a metric measure space, then Con N 0 (X) := (C, d c , m c ) is the metric measure space given by the warping product X × r N−1 R, see [26] . In particular, the measure m c is characterized by the equalityˆf
where
Here, |Df | c , |Df (r) | X and |Df (x) | R denote the minimal weak upper gradients of the corresponding functions on Con N 0 (X), X and R respectively, see [21] . Given a metric space (X, d) we denote by B X R (x) (or if the space is clear from the context by B R (x)) the open ball centered at x.
The following decomposition for harmonic functions defined on a cone easily follows by separation of variables and spectral theory, see [28, 
3)
where O ∈ C is the vertex of C, ϕ i : X → R is an eigenfunction of −∆ X (the Laplacian on X) with eigenvalue λ i and
Here the convergence in (2.3) is intended in W 1,2 (B 1 (O)) and we are ordering the eigenvalues as:
Recall that from the non smooth version of the Lichernowitz-Obata Theorem, [27] , we get that if X is RCD(N − 2, N − 1), then λ 1 ≥ (N − 1), which in turn implies that α i ≥ α 1 ≥ 1. A simple compactness argument shows that this bound can be improved if we assume that diam(X) < π.
Proof. We prove this result by a contradiction argument. If the result does not hold, then for a fixed ε there exists a sequence {(
spaces (which we can assume to satisfy m i (X i ) = 1 without loss of generality) with uniformly bounded diameter by π − ε, such that N − 1 ≤ λ 1 (X i ) ≤ N − 1 + 1/i. By compactness, there exists an RCD(N − 2, N − 1) space (X ∞ , d ∞ , m ∞ ) such that, up to passing to a subsequence, X i converges to X ∞ in the measured Gromov-Hausdorff sense. Therefore by the continuity of eigenvalues under measure Gromov-Hausdorff convergence in [20] , it follows that λ 1 (X ∞ ) = N − 1. However, diam(X) ≤ π − ε which is a contradiction to the Obata Theorem in [27] . This result can be combined with Proposition 2.1 to obtain the following decay property for harmonic functions on singular cones.
Proof. By (2.3) we can write
Since the series is convergent in W 1,2 and {ϕ i } i is an orthogonal system in L 2 (X) and in W 1,2 (X), one gets for R ∈ [0, 1],
where we have assumed without loss of generality that ϕ i are L 2 -normalized, we have used (2.1) and (2.2) and the equality
, and the α i are increasing, (2.5) implies that 
By a diagonalization argument there exists a sequence r i k ,j k → 0 such that the corresponding
To prove the second part of the statement, let us assume by contradiction that for a sequence ε i → 0, there exist tangent cones Con
Therefore, by the compactness proved in the previous paragraph, there exists a subsequence Z i k converging in the pmGH-topology to a tangent cone Con 
In particular for R ≤ R 0 we have
Proof. The proof is by contradiction. Let us assume that there exists a sequence of radii R i ↓ 0 and functions
and
We consider the scaled pointed spaces by (
and, up to subsequence, we asume that they converge to a tangent cone of the form (Con 
where B i 1 (x 0 ) is the unit ball of (X, d/R i ). Observe that the result holds trivially if the denominator in the definition of v i vanishes. Note that, by trivial scaling, we have
By the local Poincaré inequality, [36] , the v i are bounded in Furthermore, by [4, Theorem 4.4 ] the v i converges "strongly" in W 1,2 , hence:
However, by Lemma 2.3 and since diam(Y )
where δ 2 = δ 2 (K, N, ε 0 ). This contradiction concludes the proof of (2.7). To prove (2.8) we note that by the first part, it trivially holds if (2.6) is satisfied. Otherwise, if (2.6) is not satisfied we have
Inequality (2.8) now follows by combining the above inequality with the fact that
by the local doubling property of RCD(K, N ) spaces, [39] .
We can now prove Theorem 1.1:
Proof of Theorem 1.1. The Hölder inequality implies that
By the Bishop-Gromov inequality, m(B R (x 0 )) ≥ C(R, N, K)R N , which combined with the above inequality yields
where C is a constant which depends onR and on the L p -norm of ∆u in BR(x 0 ). Combining this last inequality with (2.8) we get that for all R ≤ min{R 0 ,R},
Since p > N , the latter inequality immediately implies that lim sup
3. Proofs of Corollary 1.2 and Corollary 1.3
To prove Corollary 1.2 we will argue by contradiction: if the desired sequence of spaces and functions does not exist, one would then deduce an a priori bound for all manifolds with curvature bounded from below by 0. This estimate will be stable by (measure) GromovHausdorff convergence, yielding that the modulus of the gradient of harmonic functions is continuous on all spaces arising as a limit. On the other hand, by Theorem 1.1 it has to vanish at sharp singular points. Since one can easily construct a limit space with a dense set of sharp singular points, this gives the desired contradiction, by choosing a sequence converging to a non-constant limit.
The proof of Corollary 1. Proof of Corollary 1.2. First note that if the conclusion of the theorem fails, arguing by contradiction this would mean that there exists a modulus of continuity ω = ω D,N for all Riemannian manifolds (X, g) with sec(X) ≥ 0, dimension less than or equal to N and diameter bounded by D such that for all P ∈ M and all harmonic functions f :
for all p, q ∈ B We now consider a space X as in (c) above and a converging sequence as in (a). We also consider a point P ∈ X and a non constant W 1,2 -harmonic function defined on B X 1 (P ). By [4, Corollary 4.12] , for all R ∈ (0, 1) there are harmonic functions f k : B X k R (P K ) → R converging to f in the Mosco sense. By (3.1) one easily deduces that |∇f | is then a continuous function on the interior of B X 1 . On the other hand, by Theorem 1.1, |∇f | has to vanish at all sharp singular points. Since this set is dense, this implies that |∇f | = 0 and thus that f is constant, a contradiction.
Proof of Corollary 1.3. We only sketch the proof, being essentially the same of Corollary 1. where X is any smooth manifold with sec(X) ≥ 0 and C depends only on an upper bound of the dimension and of the diameter. By considering a space X as in (c) and an approximating sequence X k as in (a) we obtain a contradiction as in in the proof of Corollary 1.2.
